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Abstract-All existing models interrelating crack propagation characteristic properties with heat
exchange in zones around the crack tips simulate the heat production area by simple geometrical
forms. like circles or squares. They assume also constant heat production rates over the whole area
of the source. Contrariwise. the model introduced in the present study is based on two improved
and more realistic assumptions concerning the shape and dimensions of the heat source and the
spatial distribution of heat production density inside the heat source. These assumptions. together
with Rosenthal's moving-point-source solution. yield a reasonable and improved model for a fast
and rather simple numerical approach. whose results are in agreement with existing experimental
evidence. The method was applied tl' two different materials. one polymer (polycarbonate) and the
other metal (aluminum allt,y) and their results appear to be compatible with reality and concordant
with respective e.xpcriments. In addition. the meth(ld was applied to relatiwly high crack propagation
velocities revealing the existence l,f two s)'nllnetrie "IT-axis temperature e,xtrema in either side of the
erack prop'lgation axis. This behavi"r may be din:etly rel<lted Il' the phelwmenon oferack branching.
where similar maxima of energies and direl:lions "f brall\;hing are system<ltKally llbserved at the
same veloeilies.

I. INlROI>lJ('TION

It is widely acccptcd that heat exchange is always present during erack propagation. The
source of this heat is the area around the travelling aack tip. which is in general plastically
deformed. Indeed. plastic deformations arc the cause of the production of high heat con­
centrations around the crack tips. It is well known that a fraction of about 60-80'Yo of the
total plastic energy stored in polyl1ll:ric materials is converted into heat (Englcter and
Miillcr. 1958). while this fraction reaches lJO'Yo for metals (Taylor and Quinney. 1958).

Taking into account the fad that. even for brittle materials. the energy consumed for
the cn:ation of new surfaces is negligible as compared with the respective plastic energy.
the same being true for the kinetic energy of the small pl~tstic zone. we can atlirm that a
portion of about 60-90% of the total energy. furnished to the plastically deformed zone by
the clastic stress field. is released in the form of heal. This heat concentration causes
significant tempGrature increases in the immediate vicinity of the running crack tip. The
great interest for the determination of the temperature field surrounding the plastic zone is
justified. if we consider that a rise of the temperature only of the order of some decades
reduces drastically the value of the mechanical propaties of any material. For example. an
increase of the temperature from ~lbout 20 C to about 80 C C.luses a decrease of the yield
stress of PMMA to half its initial value (Bowden. 1973). whereas a temperature increase
of 400'C in steels creates a 30% decrease of the value of the elastic modulus (Theocaris
and Coroneos. 1964).

However. despite the en'ort invested until now. the exact temperature field is still
unknown. and large dispersions between the reported values have been recorded. Fox and
Fuller (1971), studying the infra-red radiation emitted during the fracture of PMMA
specimens. have recorded temperature elevations of the order of 500'C. whereas Weichert
and Schonert (1978), estimated temperatures between 2500'K and 30000 K for glass and
about 4000'K for quartz by analyzing the light emission observed during fracture and
comparing the resulting relative light intensities with the normalized black body radiations.
Moreover. the theoretical model of Weichert and Schonert (1974). predicted maximum
temperature rises of 910 K for crack velocities of 200 m s .. I and for radii of the circular

IX7



P. S THf{X' ARIS et al.

heat zones of the order of p = 20A. while at the front of the heated zones the predicted
temperature elevations were lower than 300 K. Contrariwise. the approach of !\tarshall I!t

at. (1974) gives for PM M A specimens much lower temperature elevations.
However. it is worthwhile emphasizing that all these values are merely indicative. since

the exact temperatures are functions of the coordinates of the points examined. relative to

the crack tips and. also. of the dimensions and the velocities of the heat sources. Moreover
the discrepancies observed are partly due to the various rather inadequate models simulating
the heat sources. Indeed. the shapes and dimensions of the heat sources and the forms of
the heat-production distribution affect strongly the flnat results. as it is noted in Weichert
and Schonert (1974). The existing models simulate the heat-production areas by simple
geometrical forms. like circles or squares. of rather arbitrary dimensions. assuming also
constant heat production rates over the whole area of the source. These assumptions
constitute the weaknesses of the existing models. The model introduced in this paper is
relieved from these assumptions and therefore constitutes an improved description of the
phenomenon of heat production around the tip of a running crack in physically sound
manner.

2. DESCRIPT10:--': OFTHE MODEL

The model is based on two basic hypotheses. simulating better the heat-production
phenomcnon.

llypotlu.'sis 2.1. The shape of the heat source ('oincides with the shapl! of the pfastimlly
de/imlled ;:(}fl(' el/l'c/0l'inq the mo/'ill.l/ crack til'. Since heat is mainly produced inside plastic
loncs, this IIrst assumption approachcs rcality. Thc bounds of the plastic enclaves an:
determined by means of a proper yield condition.

llrpotlwsis 2.2. The demilr (/1 each point oI the hcol sOl/rcl! is intimale!r rdated to the
iII/WI/lit o( I,fastic de/ilrtlllltiofl at Ihe same poifll. This assumption implies that the heat
density depends on thl: local valul: of the respective I:quivaknt strl:ss.

Thus. the hl:at sourCI: is rl:adily detl:nnined by the well-known von Mises yield critaion
for plane strl:ss. which is intimately rdated with thl: cornponl:nt or the distortionall:nergy
tknsity. Thl: von Mises critl:rion is exprl:ssl:d by

, , , ( J'(J';,(r,O)+a;,(r,O) +3(J';,(r,O)-(J' .. r,O)(J',.,.(r,{) = aI' (I)

where a'l(r, 0), (i, j = x, .1') arc the components of the dynamic strl:ss field, as it is described
by Frl:und and Clifton (1974). Morl:over, (r,O) are the polar coordinatl:s centl:red on the
moving crack-tip and (J'o is the yidd stress in simpk tl:nsion or the rnatl:rial. Solving eqn (I)
with rl:spl:ct to r, the rollowing I:xpression ror the radius, rll1 (O), of the dastic--plastic
boundary is obtained:

(2)

wherl: the runctions J;UJ), (i = 1,4) depl:nd upon the componl:nts or the dilatational (cd
and thl: distortional (ee) wavl: vdocitil:s of the matl:rial, and the constants (I, (i = 1. 4).
dl:pl:nd upon the velocity of the crack (c).

Thl:'/; (0) functions arl: I:xprl:ssed by

.h.1 = [(T~~'~/~/Si~~O)le ± 1-=·3~Y~in·~·(jJ' ~

fe.~ = [(I-c~/d\in~I))' e ± I-C~~~{~in~oJ:

Moreover, the runctions (I, (i = 1. 4) arc given by
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(4)

with

s~ = 1-(cic2f

and

(5)

Relation (5) expre$$ing the mode I energy rate ~r; for dynamic loading. whose static term
i$ defIned in McClintock. and Irwin (1965). takes into account the effect of yielding upon
the stre$S distribution ncar the crack tip. K, is the mode I dynamic stress intensity factor
which depends on its static value K,s multiplied by a correction factor defIned in Rose (1976).

This distribution. as derived from a mode III clastic-plastic analysis, indicates that
yielding for elastic-perfectly plastic materials translates the stress curve away from the
cr;u:k tip by an amount equal to the radius of the plastic zone, as it is derived from the
elastic analysis. Thus. the plastic lOtH: is assumed to be extended radially by a t:lctor of
two. For 1110dc I loadings and for brittle or semi-brittle materials under dynaillic loading.
this factor of two is reduced considerably. However. here it is taken equal to 2 so that the
energy rate ~r; is doubled in relation (5).

The spatial distrinution of heat-production density is dq(r,. OJ. where r.. Ii, arc the
coordinates of a generic point .\' inside the heat source. and it is ddined ny a convenient
function covering the following requirements:

(i) The function must give a maximum heat density at the crack tip (r, = 0) and zero
heat density along the clastic plastic boundary [r, = r",(O)/.
(ii) Between the anove two extreme values the function must follow a law similar to
the variation of the equivalent stress inside the plastic enclave. which is analogous to
plastic work.
(iii) The integral of dq(r.. 0,) over the source surface A must give the total heat
production Q. of the source.

A convenient family of functions satisfying the two above cited conditions is expressed by

,,[ 2r~, ]
dl/(r,.O,) = "" -I cos(O/2)dA

A r, +r",
(6)

where A is the total heat source area, dA is the area of each c1ementary heat source inside
the plastic zone. and" is a positive arbitrary constant. Moreover, "is a parameter evaluated
by satisfying the third condition. The total heat production over the whole area. A. of the
source must be constant and independent of the type of grid network of sources and the
number of their partitions inside the plastic enclave. selected for the numerical evaluation
of the temperature rise at any point outside the plastic region. Then it is valid that:

ffdq(r.. OJ = Q

or, by means of eqn (3) we may deduce that:

(7)
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(s)

where r,,, stands for r,,,(/I), It was taken into account in this rdation that the axis of the
crack is the axis of symmetry of the source for an external load perpendicular to the crack
aXIs.

Fl~r simplicity, the exponent n was taken as 11 I. since the equivalent stn:ss dis­
tribution inside the plastic enclave may be acceptr:d as obeying a r I law, Howr:ver. the
influence of this exponent shall be studied in the sequel. The double integration of the
denominator of eqn (Rl. with II "" L can be executed numerically. but since the analytical
expression of the elastic-plastic radius r",(tI) is known from eqn (2). we can. after some
algebra. comat the double integrals into single integrals, thus a voiding the various error
sources interfering during the numerical evaluation of the surface integrals, The final form
of the factor h' is given by

QA
h' ::;: -._--. -.---.- .. ----.-- --... ,

[(} - 41n 2)rr,;, (II) cos (11/2) dll]

(9)

Introducing eqns (2) and (9) into eqn (6) we ontain for the hcat-dcnsity distrinution di/(r" 0.)
thc cxprcssion :

(
2r", ) IIQ -- I cos., d,/

r, +r", _

(.\ -41n 2) J'" :IIII/(II) +tlj~(O)+aJI (O)I~«(})+uJ/\«(}) '-/~({})l?: ~cosWj2) dO
I)

( I ()

whose numerical evaluation is elementary.
In order to cakulate, now, the temperature rise at a point I'(r/" 0/,). we divide the heat

source into a numha of elementary heat sources '<'(r,. II.), where (1'". III') and (r,. Ii,) arc the
polar coordinates of the point examined and of the elementary hcat sourCl: with respect to
the moving crack tip, respectively, as it is indicated in Fig, I. Each elementary heat source
is assumed to he a moving-point hcat source, which causcs at the lixed generic point Pir,,,
Ii,,) an elementary temperature rise d(~ T) (r". (}p). given hy the well-krlllwn Rosenthal's
(1946) equation:

i I I)

where c is the crack velocity, K is the coefficient of the thermal conductivity of the material.
x is the coefficient of thermal ditTusivity, Ko is the second-kind zero-order Bessel function
and dq(r" 0,) is the heat density of the point source S(r,. 0,) given by eqn (10), Moreover,
(r""O",) arc the relative coordinates of the point P(r", 0,,) referred to the elementary source
SIr,. 0,). which arc derived and given by simple geometrical relations as it is clear in
Fig. I,

Integrating eqn (11) over the whole surface of the plastic enclave around the moving
crack tip we ohtain the following equation:
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Fig. I. The von Mises pl;\stk endave al the til" of a running crad as the heal source.

(12)

which gives the total temperature increase. d T(r,,,Op). at the point P(rp.Op) under con­
sideration.

The numerical computation of d T(tp • Up) proceeds by dividing the heat source by a
Cartesian grid into a number of elementary orthogonal sources, whose areas tend to zero
as their number increases. and tends to intinity. These elementary sources are considered
as point sources obeying Rosenthal's solution (Rosenthal, 1946). The procedure proved to
be stable and accurate. Moreover. it constitutes a fast method when compared with existing
double integrating rules. In the present application we have used N = 100 as a number of
partitions of the heat source, along either direction. thus dividing the heat source into about
104 elementary sources. The maximum error was estimated to be less than 0.5% everywhere.

3. RESULTS AND DISCUSSION

The above-described method was applied to two materials with low and high thermal
conductivities. K. respectively. namely a PMMA polymer plate with K = 0.193 W m - I °C
and an aluminum alloy plate with K = 228.45 W m - I 'c. Their diffusing coefficients were
:x = 3.36x 10- 7 m 2 S-I for PMMA and cc = 9.46 x IO- s m 2 S-l for the aluminum alloy.
Thin plates ofeither material were subjected to dynamic loads causing propagation of pre­
existing initial cracks of a length 2:1: = 0.15 m under mode-[ plane-stress conditions. The
SAS 29.2-1!
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values of the energy. Q. dissipated as heat. were taken from Oiill (llJ/)) sec Fig. 6. for
the case: of P:\1 \1.-\ --·whik for the case of aluminum alloy a pn)ccdure: similar to that of
Wdls (llJ5~) W:.b adopted.

It \\as abo assumed that the thin plates of both materi~lb wen.: loaded ny a stress at
infinity equal to 0.2"". where a,l is the yield stress in simpk tension f\)r thc resrectiv<.:
material. Conse:qucntly. tt:mperature elevations computed by the present method depe:nd
on the stres" level assum<.:d. Howcwr. due to the: linear clastic stress fidd des\.Tiption
incorpl)rated. isothermal contours arc self-similar n:rsus applied load.

Temperature elevations at point P(rl'.IJ,,) lying in a n~lrrow hand \ery close to the
elastic plastic hl)undary 1'",(11) were computed. This band has a \\idth c\)rrespondmg to 1.01
1'",(11) ~ 1'1' ::; 1.02 1',,,(11). Even in such a narrow band kmp<.:rature gradi\.·nh <.:valuated by
the nHldel were significlnt. especially for thl.: case of P:\li\1A.

Figure 2 presents the isothermal contours for the PM M;-\ plat<.: pllllled around the
crack tip f\)r tlne<.: different crack velocities and fllr a narrow Il)ne SUITou11l1ing the heat
source and extending hdw<.:enthe radii 1.01 1'",(11) and 1.02 r",((}). where 1'",((1) is the n:spective
polar distance llf the clastic plastic boundary for either material. In Fig. 2h this hllundary
is also pl\)tted under a reduced scale in order to avoid confusion With the i,,\)thermab Iyin~

inside this wn<.:. One can obs<.:rve in these figures that:

(i) Strong temp<.:rature gradi<.:nts exist in both radial and angular dire\.·lillns. Thus, fllr
cr:lck n:locitles I" = 0.50 (, and for (r,.. (I,,) ~ (1.02 1'",. ll) there I" a gradient
i\1" ,\r ~ 1..\< 10' C m I, whik for (1', .. iiI') ~ (1.02 1'",. i)() ) thi" gr:ldient bl.:comcs
cqu:d tn 1\1" 1\1' :::: I.i) x to' em I. th:lt is. th\.TC i" an incr\.·:\Sc nr..\O"".
(ii) hll' re1:Jtivcly Inw crack velocities (I" < 0.51") the telnp\.·r:ltun: dl"lnhullilll "llllWS
:1 single nll11imum at (}I' = 0 and a maximum (Ililt SililWll ill I·ig. 2) :Il tI" IKO . a" il
wa" :dsn cnncluded hy Weichert and Schi)nert (1'>7..\, \i>7K). hll' vel'l\.·ltic" higher than
kdr the she:lr w:lve VL'li1cily. I" > 0.)1",:. twn symmetric minilll:t appC:lr at :l maximum
()" v:due up tn :Ihnut 5ll

1'"igure.\ prcsent-. the isnthermal cnntnurs rnr aluminuln pl:tlC". It is rcadily cnncluded
th~ll rcmarks (i) and (ii) ahove. valid for the casc of I'MMA pl:ttcs. ar<.: abo valid fnr the
aluminum p1:Jtcs, hut now the gradients arc draslic:dly reduced. This is a re~lSonahle

cnnclusion heeause of the high thermal conductivity of the aluminum.

Figur\.,..\ prescnts the variation of the kmperature vcrsus the polar angle iii' 1'01' alumi­
num p1:Jtes, plotted for a series of different crack velocities. The intercsting remark derived
from this ligure is that. for low crack velocities. two symmetric minlllla c\i~t with respect
to the crack axis, while for high crack velocities and :t1ong the saille dircctions the tw\)
minima invert into local maxima.

Concerning. nl)W. the inlluenee of the exponent 1/ on the temperature elevations. it Gin
be readily derived that as /I increases. the temperature outside the plastic enclave is also
increasing. This hehavior is reasonable since for a given total he:tt production Q (eqn 7).
low values of 11 result in strongly varying heat distributions inside the plastic enclave, while
high values of /I result in a.more homogeneous situation.

The inlluence of the exponent /I can be seen in Fig. 5 where for /I = 0.25 most of the
total heat is produced very close to the crack tip, whereas for /I = ·L almost up to the half
of the plastic radius (1','1'", = 0...\) heat production is roughly equ:t1to that of the crack tip.
So a generic stationary point P outside the plastic encl:l\e in the rormer Glse is weakly
affected hy the rather distant highly productive elementary heat sources. whereas in the
Ialter \.·a"e with /I = -t.O. these "very hot" sources aprroach c1o"er to the point P and so
their inlluence is stronger,

Figure 6 presents the relative variation of the temperatun.: increase I'or a generic
stationary point ahead of the crack tip (01' = 0 ) lying at a distance 1'1' = t.Olr", for PMMA
and aluminum versus the /I values. reduced to their values for /I = I. It is clear that, as /I

increases. temperatures also increase in accordance with the rrevious conclusions. In
addition. the poor heat conductivity of PMMA causes much higher temperature increases
in comparison to those for aluminum, presenting good heat conductivity.
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Fig. 2. Isothermal contours surrounding crack tip for the case of PMMA for three different crack
velocities; c = 0.35. c = 0.50. c = 0.65.
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Fig. 3. Isothermal contours surrounding crack tip for the case of aluminum for three different crack
velocities: c = 0.35. c = 0.50. c = 0.65.
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Fig. 5. Variation of the function fen) of eqn (3) versus reduced elementary heat sources r,lr~ for
various values of exponent n.
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Fig. 6. Temperature variation at a generic point ahead of the crack tip (0, = 0"') at a distance
r, = 1.0 I r~. versus exponent n for two m..terials.
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~ CO~CLLJSIONS

The conclusions of the present paper may be summarized as follows:

(il The theoretically predicted temperature elevations are significant and they agree
well with e~isting e~perimental evidence.
(iiI The improved hypotheses on which the present modI:! is based. elucidated a
hitherto hidden relationship between temperature distribution and the crack-branching
phenomenon. It is interesting to observe the close coincidences between bifurcation
angles and local temperature minima. which suggest that the propagating cracks prefer
to proceed along the two paths where the material is less ductile.

The results of the present model may be further improved by taking into consideration
the phenomenon of heat transfer by means of heat conduction. given that the heat being
lost by radiation seems to be negligible.
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